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INTRODUCTION 
The local solvability of a vector field L at a point p can be defined in two 
equivalent ways : 
(*) there exist two open sets U, V, p E U G V, such that for every 
f E Cm(V) there exists a solution of Lu = f in U; 
(**) there exiits an open neighborhood U of p such that for every 
f E C,?(U) there exists a solution of Lu = f in U. 
The local solvability of L depends on property (P), which has several 
geometric formulations [6, 8, 51. 
When dealing with an over-determined system of vector fields L,, . . . . L, 
satisfying the Frobenius condition 
[IL,, Lkl =I ajkeLe 
an obvious necessary condition for the existence of a solution of 
Lp=&, j= 1, . . . . n 
is that the functions fi satisfy the compatibility conditions 
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Definitions (*) and (**) can be extended naturally to such systems and one 
only considers in this case right-hand sides ,f,, . . . . .f, that satisfy (2). For 
n3 2, the extensions of (*) and (**) are no longer equivalent: the latter 
holds for larger classes of systems than the former. The more stringent form 
of local solvability still depends on a suitable generalization of (P) in the 
case of locally integrable systems of codimension 1 with analytic coefficients 
as proved by Treves in [lo]. In this work we consider the following 
question: When does Eq. (1) have a solution with compact support if we 
assume that fi, . . . . f, are compactly supported and verify (2)? It is well 
known that this is always the case if the system (1) is elliptic, for instance, 
for the Cauchy-Riemann equations in @“, n 3 2. 
We consider locally integrable system of codimension one, i.e, a system 
of n linearly independent vector fields in [w” + ’ such that locally there exists 
a solution 2 of 
LjZ = 0, j= 1, . ..) n 
with dZ # 0. The existence of Z is automatic if the L, have analytic 
coefficients. Our main result for vector fields with analytic coefficients 
(Theorem I) states that if p has a neighborhood U such that every compo- 
nent of a fiber of Z in U is not compact, then (1) has a unique solution in 
C<?(U) for any set f,, . . . . f,, E C,9”( U) satisfying (2). The converse is also 
true. As an application we study thoroughly the local solvability of non- 
degenerate systems of codimension one (here the coefficients are just 
smooth). The prototype of such systems is the system of n Mizohata 
operators 
(t--cjfj &)u=f,, j= 1, . . . . n 
in [W”+i, with .sj= +l. If E, = 1 and sZ= ... =E,= -1, (3) does not verify 
(P) and there exist right-hand sides satisfying (2) for which no solution 
exists. On the other hand, (3) can always be solved if the functions f, have 
compact support. We also characterize the right-hand sides for which a 
local solution exists (Theorems 5.2 and 5.3). This is done as follows: to 
f,, . . . . f, we associate a smooth function g defined on a smooth curve of @ 
so that (3) has a solution if and only if g can be extended holomorphically 
to one side of the curve if n 3 3 (for n =2, 2 must be extended to both 
sides). For results of this type for a single vector field see [3, 41. 
The organization of the paper is as follows: in Section 1 we introduce the 
basic definitions; in Section 2 we state the main results concerning local 
solvability in CF; in Section 3 we prove these results; in Section 4 we con- 
sider non-degenerate systems and characterize those having a local basis of 
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Mizohata operators, generalizing a theorem of Treves for a single vector 
field [ 111; in Section 5 we study the different types of local solvability for 
non-degenerate systems, characterizing the range in the non-solvable cases. 
1. DEFINITIONS AND NOTATION 
Let Q be an open subset of R”+’ and consider a subbundle .9 of 
C @ T(Q) of complex dimension it. We shall denote by 9’ the orthogonal 
of 3 in C @ T*(Q). The ideal F generated by the sections of -fZL in the 
ring of all smooth differential forms with complex coefficients i  a differential 
ideal, that is, it is closed under exterior differentiation d, if an only if the 
sections of 9 are closed under Lie brackets, [A’, Y] = XY- YX. When this 
happens, we say that 9 is a formally integrable structure. 
If 5 is locally generated by an exact l-form we say that Y is a locally 
integrable structure. 
The purely real part of 2’ is called the characteristic set of 9 and is 
denoted by C(2). Thus, if p E 52 and l E T,*(Q), 5 # 0, then (p, 0 E C(Z) 
if and only if 5(X,) = 0 for all sections X of 9. The canonical projection 
of C(Z) onto Q is the closed set of non-elliptic points. 
If u = (p, 4) E C(9), the Levi form at u, 
is defined by 
We say that dp is non-degenerate if the Levi form is non-degenerate at every 
characteristic point. 
Let us denote by Ek(Q) the space of all smooth complex k-forms. If 9 
is a formally integrable structure, the exterior differentiation d induces a 
well defined operator IL: EkJEknF +Ek+l/Ek+lnF such that [L’=O. 
Let wl, . . . . o,+ i be local generators of !Z @ Z’*(O) and assume that w,, , 
is a generator of ~3’~. We may identify E '/El n F with the space of the 
l-forms generated by ol, . . . . o, and express 
Cm(R)-+E1/E'nF by Lu = X,(u)w, + . . . + X”(U)W,, 
where X i, ..,, X, are local generators of 9 satisfying (ok, Xi) = 6, 
(Kronecker symbol). In that way the problem of finding UE Cm(Q) such 
that [lu = f is the problem of solving the over-determined system 
x,u =f;, j = 1, . ..) n. (1.1) 
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The sections X,, . . . . X,, of Y satisfy the relations 
[X,3 x,1 = i Q7xp> j, k = 1, . . . . n. 
p=l 
If there exists u such that [lu =A then kf‘= 0. In terms of X, , . . . . X, this is 
equivalent to the compatibility conditions 
xjfk-xkfi= i f %b P’ 
LJ=I 
(1.2) 
DEFINITION 1.1. 9 is locally solvable in C 5c at p E Sz if p has two 
neighborhoods U c V and a set of local generators of 9, Xi, . . . . X, over V, 
such that for any set of functions f,, . . . . fn E C”(V) satisfying the com- 
patibility conditions (1.2) there exists u E C”(U) satisfying (1.1) in U. 
DEFINITION 1.2. 9 is locally solvable in C” for compactly supported 
right-hand sides at p if there is a neighborhood U of p and generators 
x i , . . . . X, of 9 over U such that for any set of functions f, , . . . . f, E C,“(U) 
satisfying ( 1.2) there exists u E C”(U) satisfying (1.1). If we can choose 
u E CF( U) we say that 9 is locally solvable in CF. 
Remark 1.1. When .Y is one-dimensional (n = 1) the compatibility 
conditions become void and Definitions 1.1 and 1.2 are easily seen to be 
equivalent using cutoff functions. In general, cutting off destroys the 
compatibility conditions. 
Remark 1.2. Let L,, . . . . L, and L;, . . . . Lk be two sets of generators of 9 
over U with relations 
CLJ, Lkl =I OrjkpLp, [L;, L;] = 1 &$kpL;. 
Let (Ajk) be defined by L,’ = c A,& and Set fi = c A, fk. Then (f,, . . . . f,) 
satisfy relations (1.2) if and only if (f;, . . . . f,‘) satisfy Zsk) - Lifj’= 
C f+, f L and u E C”(U) satisfies (1.1) if and only if it satisfies Li u = fi’, 
j= 1, . . . . n. 
Remark 1.3. If 9 is locally integrable and Z,, Z, are functions such 
that dZ, , dZz generate 9’ in a neighborhood of p, it follows from [ 1, 21 
that there are a neighborhood U of p and a homeomorphism 
F: Z,( 8) + Z,( O), holomorphic in the interior of Z,(O), such that 
Z, = FoZ,. This fundamental result shows that, locally, the fibers of Z, 
and Z2 are the same and this gives sense to the expression “the fibers of 5F” 
in a neighborhood of a point. 
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2. STATEMENT OF THEOREM I 
We use the notation of Section 1 and assume that 9 is locally 
integrable. In a neighborhood U of a point PEG, we may consider a 
complex function Z such that Z(p) = 0 and dZ generates YL in II. If p is 
non-elliptic we may assume that d Im Z(p) = 0. Thus, we may choose 
coordinates x = Re Z, t,, . . . . t, vanishing at p so that 
z = x + i&x, t), c,4(0, ) = dd(O, 0) = 0 
u= ((x, t); 1x1 < 1, ItI < I>, 
and Z is defined in a neighborhood of 17. A local set of generators of 2’ 
is given by 
L,=$+A& j = 1, . ..) n 
i,= -I$/(l+iB. 
The set L,, . . . . L, can be supplemented with the vector field 
to make up a basis of @ @ T(U), dual to the basis dZ, dt,, . . . . dt,. Further- 
more, we have 
lILj, Lkl = O, j, k = 0, 1, . . . . n. 
Consider a point z0 = x0 + iy,, in Z( 0). The fiber Z-‘(z,) of z,, in D is the 
set 
{(x0, t); &o, t) = Yo, td} 
where B is the open ball of radius 1 in Iw”. 
We shall look at the connected components and the quasi-components 
of Z-‘(2,). Since a fiber of Z is a slice {x0) x F,,, FX,, c B we may identify 
Z-‘(z,) with F,,. W e recall that a quasi-component of a set Fc_ 68” is an 
equivalence class of the following equivalence relation: x m y if and only if 
x, y E F and there exist no disjoint open subsets U, V in Iw” such that x E U, 
y E V, and F c U u V. In particular, a quasi-component of F is a union of 
connected components of F. If F is an analytic set, quasi-components and 
connected components coincide by the preparation theorem. 
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Consider the property 
there exist z0 E Z( U) and a quasi-component K of Z ‘(zO) 
such that K n U is compact. (2.1) 
THEOREM 2.1. Zf (2.1) holds, there exist functions f, , . . . . fn E Cc? ( U), 
verifying the compatibility conditions L, fk = L, f,, such that no function 
u E C,Y( U) satisfies, in U, Lit.4 = fj, j= 1, . . . . n. 
Assume now that (2.1) does not hold. Let K= {x0} x K, be a quasi-compo- 
nent of Z- ‘(zO) and for any E > 0 consider the set I’, c iw” given by t E iw”, 
/4(x,,, t) - y,l <E. If W, is the connected component of V, which meets K, 
it follows that K, c W,. Since K, n aB # a, it follows that for any E > 0, 
any point to in K, can be joined to the boundary aB by a smooth curve 
y(t) c B so that 
Mxo, Y(T)) - 4(x0, to)1 G -% Y(O) = to, Y( 1) E all. (2.2) 
When E + 0 the length of y may go off to infinity if 4 is just smooth, thus, 
we make the technical assumption 
there exists M > 0 such that for any point (x0, to) E U, and 
for any E > 0, there is a smooth curve Y(T), 06 t d 1, 
contained in B, of length less than or equal to M, such that 
Mxo, Y(T)) - 4x0, to)1 6 E, Y(o) = to, l’(l) E aB. (2.3) 
In the next theorem we use the notation U, = (-r, r) x B,, where B, is the 
open ball of radius r in [w”. 
THEOREM 2.2. If (2.3) holds, there exists r > 0 such that for any set of 
functions fi, . . . . f,, E C,?( U,) satisfying Li fk = Lk fi, there exists a unique 
function u E C‘?( U,) such that Lju = fj, j = 1, . . . . n. 
Remark 2.1. When 4(x, t) is analytic and (2.1) does not hold it follows 
from the results of Teissier [ 10, Appendix] that for any (x0, to) E U there 
is a piecewise analytic curve contained in the level set {t; 4(x,, t) = 
4(x,, to)} joining to to aB and furthermore, the length of these curves can 
be taken uniformly bounded in (x0, to). That means that in the analytic 
case, the negative of (2.1) implies (2.3) and we may even take E = 0 if we 
settle for piecewise smooth curves y. 
In view of Theorems 2.1 and 2.2 and Remark 2.1 we have 
THEOREM I. Let 9 be an analytic structure of codimension one in IF!“+ ‘, 
n > 2. Then, 9 is locally solvable at p in Cy if and only if there is a 
neighborhood U of p such that no component of a fiber of 9 in U is compact. 
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3. PROOF OF THEOREMS 2.1 AND 2.2 
We first prove Theorem 2.1. It is enough to reason in a neighborhood of 
a non-elliptic point. Assume that (2.1) holds. Thus, there are a point 
z. = x0 + iyo in Z( 0) and a quasi-component {x0} x K, of Z-‘(z,) = 
(x0} x F such that the distance from K, to 8B is positive. An elementary 
point set topology lemma shows that we may find disjoint open sets V, W 
in B so that FG Vu W, K, c V, and Fn dB c W. Then, a suitable 
regularization II/ of the characteristic function of V has the following 
properties: 
(i) $ E C<?(B); 
(ii) there is a 6 > 0 such that Ix- x0( < 6 and V+(t) #O imply 
4(x, t) z Yo. 
Take a function CI E C ,“(x, - 6, x0 + 6) equal to one in a neighborhood of 
x0 and set p(x, t) = a(x) e(t). We define 
fjfiLJ(P).(z(x, t)-xO-iYO)-l~ j= 1, . . . . fl. 
It is readily verified that &EC:(U) and Lkfi= Ljfkr j, k= 1, . . . . n. 
Consider now the function u E C “( R” + ’ \ {x0> x K,) defined by 
u(x, t)=p(x, t)(Z(x, t)-x0-iy,)-‘. 
It is clear that 
Ljv=fi in [ {x0) xKl, (3.1) 
Iu(x, t)l + a if (x,t)-+{xo}xK1. (3.2) 
Take a point to = (ty, . . . . tz) E K, and assume that there is u E CF( U) such 
that Lju =J;, j = 1, . . . . n. The function g(x, ti)= (u--)(x, t,, ti, . . . . tz) 
satisfies L,g=(a/at,+A,(a/ax))g=O for xfx, and vanishes for ItI1 > 1. 
Since L1 is locally integrable it possesses uniqueness in the Cauchy problem 
across non-characteristic urves [IS]. It follows that g(x, tI) = 0 for x #x0. 
Hence, u(x, t) is bounded for x # x0, contradicting (3.2) 
For the proof of Theorem 2.2 we start considering the l-form in B c R” 
depending on a parameter x E ( - 1, 1): 
f(x, t) = i fi(x, t) dtj, 
J=l 
where the functions fj satisfy L, fj = Li fk. Let Aj denote the coefftcients in 
L, and set 
g= c (l,f;-Ajfk)dtj A dt,. 
j-zk 
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If F(z) is a holomorphic function defined in a neighborhood of Z(U), the 
identity 
d,(F(Z) Z,f) = g (F(Z) z, JT) (3.3) 
holds, where d, indicates exterior differentiation in t. Integrating (3.3) with 
respect o x and assuming that f is compactly supported we obtain 
o = 
s 
F(Z) Z, f Ax is an exact l-form with compact support. (3.4) 
We assume that the origin is a non-elliptic point and select r, 0 6 r 6 1, so 
that 
I$(x, t)- KY, t)l d a Ix - yl, x, y E ( - r, r), t E B,. (3.5) 
From now on, we assume that f, E C,?( U,), j= 1, . . . . n. We select, once and 
for all, a point p in the boundary aB of B and consider the exact l-form 
0,(x, t) supported in B, and depending on (x, t) as parameter, defined by 
(3.4) with F= F,, O-C&< 1, given by 
,-[Z(.xJ-L-12/4& 1 3c 
F,(z) = ~ =271 f-X ei~[z(-~,~)~~l~C~2di;. (3.6) 
We set 
u,(x, t) = J’ %(X, t), (3.7) 
P 
where we integrate o, along a curve in B joining p to t. Of course, the 
choice of the path is arbitrary. A simple calculation gives 
Lj”6(x3 I)=k JIrn e C-W, r) - Z(Y. r)12/4&Zy( y, t) f;( y, t) dy 
and it is well known that the integral on the right-hand side is an 
approximation of the identity if (3.5) holds. We obtain 
Lj", + fl in C” if s+O+. (3.8) 
Since 0,(x, t) is supported in B, it follows that 
u,(x, I) = 0 if ItI >r, E>O. (3.9) 
LOCAL SOLVABILITY OF VECTOR FIELDS 239 
In order to find a smooth solution to the system it is enough to show that 
a subsequence of u, converges to a function u in C”. Using the second 
expression of F, in (3.6) we write 
0,(x, t) = j-J e’~Cz(x~t)-z(y,s)‘-e52Zy(y, s)f(y, s) dy d<. 
After N integration by parts we get 
o,(x, t)=jg (1 +i5)-NeiSCz(x,r)-Z(y,s)l-&5* 
xz,(y,s)(l+rz;‘~)*‘I(s,y)dyd~. (3.10) 
To estimate uE(x, t) we choose carefully the path of integration in (3.7). 
First we join p to a convenient point q in the boundary of B, with a curve 
contained in B\ B, and then join q to t with a curve of length GM along 
which 
M(x, s) - 4(x, t)l Q E. (3.11) 
This is possible by virtue of (2.3). Since w, vanishes outside B,, it is just 
the integration along the second curve that matters, where (3.11) can be 
exploited. In this integral we write 
Z(x, t) - Z(Y, s) = x - Y + i(d(x, s) -KY, 3)) + 44(x, t) - 4(x, s)) 
= (x - Y)(l + 44(x, Y, s)) + $2(x, s, t) 
and obtain from (3.5) and (3.11) 
(3.12) 
Using Cauchy’s theorem we deform the domain of integration in the right- 
hand side of (3.10) by replacing the integral along R in 5 by the following 
path in C: 
5=5+: ItI sn(x-y), 2 5E fR 
where sn(z) is the sign function t/ 1~1. Taking account of (3.12), we have on 
the new domain of integration 
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Re{ii[Z(x, t)-Z(,r,s)]-G<*} 
Taking N3 2 in (3.10) we see that w,(x, t) is uniformly bounded on curves 
of uniformly bounded length, so U, is uniformly bounded. Taking N as 
large as necessary we reach the same result for any derivative of u,, so for 
an appropriate sequence (Ed), E, -+ 0, u,, + u in C”. It follows from (3.8) 
and (3.9) that L,u = hi, j = 1, . . . . n, and u(x, t) = 0 if I tI > r. Hence, L, u = 0 
for 1x1 > r and it follows from uniqueness in the Cauchy problem that u = 0 
if 1x1 > r. Thus, u E Ccm( U,) and the same uniqueness property shows that 
u is the only compactly supported solution of the system, 
4. NON-DEGENERATE SYSTEMS 
From now on we only consider non-degenerate structures 6p of 
codimension one. With the notation of Section 2, 9 is generated in a 
neighborhood of a non-elliptic point by 
L&+l., ;, 
J 
j=l ) . . . . n 
A,=-ik$/(l+ig), j=l,..., n 
qqo, 0) = d&O, 0) = 0. 
The matrix of the Levi form in the basis L1, . . . . L, at the origin is 
(a’b(O, O)/at, at,). By the Morse lemma we may find smooth real functions 
hJ(x), i,(x, t), ..*> i,,(x, t), and numbers a,, . . . . E, equal to 4 1 such that 
e,if(x, t) 
and dx, di, , . . . . di,, are linearly independent at the origin. In particular, we 
may assume from the start that 
Z(x, t)=x+i i t;t:t2(,(x)). 
( J=l 
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It follows that the set C&Q of non-elliptic points is a closed imbedded 
sub-manifold of dimension one, locally given by t, = . . . = t, = 0 and 
parametrized by x. The function &(x) may be considered as the restriction 
to C of the imaginary part of Z. 
If p E 2, (p, <) E C(Y), 5 # 0, then the Levi form has k negative 
eigenvalues (for some integer k, 0 d k d n) at (p, <) and n-k negative 
eigenvalues at (p, -5). The set 
{k, n-k} 
of two integers is independent of the point p provided 2 is connected and 
is called the signature of 9 at p. 
We now consider the question: When is it possible to find coordinates x, 
t,, . . . . t, in a neighborhood of any point of C such that the Mizohata 
operators 
M,=i.-iE,r, &, j= 1, . . . . n 
I 
locally generate 9’? When the answer is affirmative we say that 9 is a 
Mizohata structure and these special coordinates are called Mizohata 
coordinates. 
THEOREM 4.1. Let 3’ be a non-degenerate structure of codimension one. 
The following conditions are equivalent: 
(i) 9 is a Mizohata structure, 
(ii) For every p E z one of the following alternatives holds: either 
(a) the signature of 3 at p is (0, n} or 
(b) the signature of 3’ is not (0, n} and for every function Z, 
defined in a small neighborhood U of p and satisfying O_Z, = 0, the set 
Z,( Un C) is a real analytic curve of @. 
Proof (i)* (ii). Assume that the signature of 9 at PEC is 
{k,n-k}, O<k<n, Z,: U -+ rC satisfies LZ1 = 0, and U n ,JS is connected. 
Consider a point q E U n C and take Mizohata coordinates x, t i, . . . . t, in a 
neighborhood 
t2 
Vc U of q so that if Z(x, t) =x + i(t: + . . . + ti - 
k+l 
- . . . - ti)/2, dZ generates 9’ over V and x(q) = tl(q) = . . . = 
t,(q) = 0. If V is small enough (see Remark 1.3), there is a function 
F: Z(r) + @, continuous in Z(P) and holomorphic in the interior of Z(P) 
such that Z, = Fo Z in l? Therefore, Z(q) is in the interior of Z(P) and 
F’(Z(q)) # 0, so Z,(z n V) is the image by F of a segment of the real axis. 
(ii) = (i). If (b) holds, we may assume that a local generator of 9 is 
the differential of 
W(x, t)=x+ i(2fj,(x)+E, t:+ ... +&,ti)/2, 
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where do(O) = &(O) = 0 and the curve r H T + $,(r) is real analytic. There 
is a holomorphic function F in a neighborhood of the origin in @ so that 
F(0) =O, F(0) = 1, and Im F(xf i&,(x)) =O. Set Z= Fc W. Then dZ 
generates 9” and 
Z(x, t) = Re Z(x, t) + i i ~~t$(x, t)/2 
,= I 
with ~(0, 0)= 1. It follows that Re Z, t,v”‘, . . . . t,ul’* are Mizohata coor- 
dinates. 
If (a) holds, choose coordinates x, t , , . . . . t, in a neighborhood of p and 
a function W= x + (i/2)(tT + ... + ti +24,(x)) such that W= 0 at p. The 
range of W lies above the curve r H r + z’&,(r). Let y0 be a compact connected 
sub-arc of that curve, containing the origin. We may continue y0 to a 
simple smooth Jordan curve y,, bounding a domain D contained in the 
range of W. It is classical [7, Chap. lo] that the normalized univalent map 
from the unit disk A onto D extends to a diffeomorphism of 2 onto D u y, . 
It follows that there is a function F, holomorphic in D and smooth up to 
the boundary, with F’(0) = 1, taking D into the upper plane and y0 onto 
a real interval. It is enough to set Z= Fo W and proceed as before. 
COROLLARY (Treves [ 11 I). Let L be a smooth complex vector field in R2 
and assume that 
(i) L(0) and c(O) are linearly dependent; 
(ii) L(0) and [L, L](O) are linearly independent. 
Then there exist local coordinates (x, t) in a neighborhood of the origin so 
that L is a multiple of the Mizohota operator M= d, - ita,. 
Proof: Conditions (i) and (ii) mean that the bundle 3 generated by L 
is non-degenerate at the non-elliptic point (0,O). Since 9 is one-dimen- 
sional the Levi form cannot have eigenvalues of opposite sign. 
EXAMPLE. Set Z(x, t,, t,)=x+i(e-” 2+ti+~ti). If 6Pi~@@Z’*(lR3) 
is generated by dZ, 9’ is a Mizohata structure if s > 0 and is not if s < 0. 
5. SOLVABILITY OF NON-DEGENERATE SYSTEMS 
We now study the different types of local solvability for non-degenerate, 
locally integrable structures Y of codimension one in [w”, n > 2. With the 
notation of the previous sections, we note that if p 4 C (that is, p is elliptic), 
it is well known that 9’ is locally solvable at p in both C” and Cc?. On 
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the other hand, the local structure of the fibers of Y at p E C is very simple 
due to the special form of Z. In articular, if the signature of p is (k, n -k} 
it follows that 9 verifies condition (P) in a neighborhood of p if and only 
if {k,n-k}#(l, n - 1 }. Notice also that the components of the fibers of 
9 are compact if and only if {k, n - k} = (0, n}. Combining the results of 
[lo] with Theorems 2.1 and 2.2 we get 
THEOREM 5.1. Let 9 be a non-degenerate, locally integrable structure of 
codimension one in R”, n > 2. Let p E C have signature {k, n - k}. Then 
(i) 6p is locally solvable at p in Cm !f and only if {k, n -k} # 
{Ln-1); 
(ii) 9 is locally solvable at p in CF if and only if {k, n -k} # (0, n); 
(iii) 9 is always locally solvable at p for compactly supported right- 
hand sides. 
Consider a point p E ,E with signature { 1, n - 1). There exist fi, . . . . f, 
satisfying the compatibility conditions in a neighborhood of p for which no 
solution exists. Thus, we wish to impose additional conditions on f,, . . . . f, 
that guarantee that a local solution exists. 
If U is an open neighborhood of p, let us denote by r(U) c C’(U) the 
kernel of L: E ‘/E ’ A F -+ E 2/E 2 n F over U (cf. Section 1). Below we will 
construct an operator K: r(U) + Ca(C n U) that serves to characterize 
the right-hand sides f Ef( U) which are in the range of L: Cm(U) + 
El/E’ n F. Assume first that n > 3. If U is small and Z: U + @ generates 
LYL over U, it follows that o= Z(U) is open and Z(L) divides 0 into two 
components of different nature, 8+, 8- : the fibers Z-(z) of points z E 0’ 
have two components and those of point z E GI- are connected. Given a 
function gE C”(Cn U), set g=goZ-’ E Cm(Z(L)). If S is the boundary 
value of a function G, holomorphic in 8’ and smooth up to Z(C), this 
property depends on (the germ of) g alone, not on the particular Z used 
to define 2. This follows from the fact that different Z’s are biholomorphi- 
tally related (cf. Remark 1.3). Observe also that the closed set 
U+ = Z-‘( 0’ u Z(C)) is invariantly defined as the union of the fibers 
which are not connected. 
It follows that G = Go Z: U+ -+ C is smooth in U+, satisfies LG = 0 in 
the interior of U+, and G/C = g. We may rephrase this state of affairs by 
saying that 
gE Cm(Z) is the restriction to C of a null solution in U+. (5.1) 
THEOREM 5.2. Let 9’ satisfy the hypothesis of Theorem 5.1 and let peC 
be a point of signature { 1, n - 1 }. Zf n 2 3, there is a neighborhood W of p 
244 CORDAROANDHOUNIE 
and a continuous linear operator K: I’(W) + C’* ( Wn 2-) such that the 
following conditions are equivalent for f E IJ W): 
(i) there exists UE C*(W) that satisfies [iu = f in a neighborhood 
OfPi 
(ii) there exists a neighborhood U of p such that g = Kf/U vertfies 
(5.1). 
When n = 2 and the signature of PE Z is { 1, 1 }, all fibers have two com- 
ponents, so there is no decomposition of U into fibers of different type. We 
have 
THEOREM 5.3. Let .9 satisfy the hypothesis of Theorem 5.1. Assume that 
n = 2 and let p EC be a point of signature { 1, 1 }. There are a neighborhood 
W of p and a continuous linear operator K: I( W) + C “(C n W) such that 
the following conditions are equivalent for f E r(W): 
(i) there exists u E C “( W) satisfying [Lu = f in a neighborhood of p; 
(ii) there exists a smooth function G defined in a neighborhood U of p, 
such that [LG = 0 and G/C = Kf in U. 
We now prove Theorem 5.2. The construction of K takes several steps. 
We assume that n b 3 and choose coordinates (x, t) centered at p so that 
Z(x, t) =x + &5(x, t) 
qqx, t) = do(x) + (tf - t; - . . . - ti)/2 
40(O) = 5%(O) = 0. 
Let us define 
L, =$-it,L, 
Lj=$+it,L,, j = 2, . . . . n 
L,=Z,’ k= [l +i&(x)] -I i. 
Then L,, . . . . L, are generators of 9 in a neighborhood W of the origin. 
We identify r(W) with the forms f = f, dt, + .. + f, dt, verifying 
L, fk - L, f, = 0, so O_ is given by 
[Lu= i (L,u) dt,. 
/=I 
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We wish to solve the system 
L,u ==A., j=l n. 9 ...> (5.2) 
Eliminating from (5.2) the first equation, we get a reduced system that 
verifies (P) in x, t,, . . . . t, and involves t, as a parameter. Hence, shrinking 
W if necessary, there is a continuous linear operator G: r( ITJ’) + Coo(W) 
such that 
LjGf =fi, j = 2, . . . . n. 
Therefore, fe[IC”“(W) if and only if g=(fi-L,Gf)dt,EILC”(W). In 
other words, we may assume that f = h dt,. The fact that h dt, belongs to 
r(W) means that L,h = . . . = L,h = 0 imposing strong restrictions on the 
form of h(x, t). In fact, by the representation theorem of null solutions of 
the reduced system we get 
PROPOSITION 5.1. A form h(x, t) dt I belongs to r( W) for some 
neighborhood W of the origin if and only if there are a 6 > 0 and a function 
H(s, <), [ =x + iy, smooth in 
E,: IsI < 6, (xl $6, d,,(x) + s2 - d2 < y <A,(x) + s* 
and holomorphic with respect o [ in the set 
&: ISI < 6, 1x1 < 6, f&)(x) + s2 - s2 < y < (lhJ(x) + s* 
such that h(x, t) = H(t,, 2(x, t)). 
(5.3) 
(5.4) 
COROLLARY. Let h(x, t) = H(t,, 2(x, t)). The following conditions are 
equivalent: 
(i) there is a smooth function u such that 
[Lu=hdt, 
in a neighborhood of the origin; 
(ii) there exists U(s, [) smooth in E6 and holomorphic with respect o 
[ in 8, such that 
; Vs, 0 = H(s, 0 in E6 (5.5) 
for some 6 > 0. 
580/87/2-Z 
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To solve (5.5) we sub-divide E = E, into three (d/&)-convex subsets E, , 
E,, E,: 
E, : Q,,(x) f s* - iS2 d y d cj,(x) (5.6) 
J%: 40(x) 6 Y d 40(x) + s2, S>,O (5.7) 
E3: 40(x) d Y d 40(x) + s2, s < 0. (5.8) 
The general solution Uj of (5.5) in E,, i= 1, 2, 3, with the required 
regularity properties, is given by 
where H, is smooth in 
R, : 1x(< 6, h,(x) - J2 6 Y d 4,,(x) 
and holomorphic with respect o [ in 
12,: l-4 < 4 40(x) - s2 <y < 40(x) 
and HZ, H3 are smooth n-r 
R,+ : 1x16 4 #o(x) Q y 6 &z,(x) + 6’ 
and holomorphic with respect o i in 
lt; : [XI < 6, O(x) < y < #o(x) + s2. 
Therefore, (5.5) has a solution in E, u E, u E, if and only if we can choose 
H, , H2, H, so that U, , lJ2, U3 agree along the common boundaries. Set 
T,(x) = % H( o, x + id,(x)) da 
T2P) = ST, 4 cr, x + id,(x)) da. 
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where G:, Gc (G-) are smooth in RL (RF) and holomorphic in ki,+ 
(I?,) and b means restriction to y=Z(Cn @)= {x+$,,(x), 1x1 ~6). 
Observe that (5.9) implies that 
T(x) = std H(a, x + i&,(x)) do is the boundary of a finc- 
tion G+ smooth in Ri and holomorphic in A,‘. (5.10) 
Conversely, since every function g E Cm(y) can be expressed as 
g= b(F+)- b(F-) with F’ smooth in R; and holomorphic in &$, we 
may write T, =b(G:)-b(G;), T2=b(G:)-b(G;) and it turns out that 
T= b(G+) implies (5.9). 
Summing up, we have proved that if h(x, t) dt, E f( W), then h(x, t) = 
Lu = h dt, can be solved in a neighborhood of the origin if and only if 
(5.10) holds for some 6 > 0. 
We now express T(x) in terms of h instead of H. For any s E [ -6, S] 
consider 
s,= {(t,, t’)) tl=s, (t’l*=S*}, 
where t’ = (t2, . . . . t,). If t E S,, it is plain that 
W, t) = H(s, x + @dx)), 
in particular, for s # 0, 
H(s,x+i&,(x))=v-’ IsI’-~ j W, t) do,-,, 
.% 
where do, _ 2 is the volume element of S, and v is the volume of the sphere 
S”-* of radius 1 in [w”- I. Thus 





It,12-n W, t) &,-I = K,(h), 
C 
where C= {(t,, t’), ItI1 <6, tf= lt’12} and dpnPl is the volume element in C. 
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If we now set 
W- =K,(f‘, -L,(Y), f’El-(W) 
K has the properties required in Theorem 5.2. 
The proof of Theorem 5.3 is similar, so we leave many details to the 
reader. Assume n = 2 and 
Z(x, t) =x + i&x, t) 






Observe that the single vector field L, satisfies (P) and there is an 
operator G: r( IV) + Cm( IV) such that LzGf = f2, f = f, dt, + f2 dt,. 
Reasoning as before, we may assume that f = h dt, E ZJ IV). It follows that 
there is a number 6 > 0 and H(s, [), smooth in 
and holomorphic with respect o c in 
-es: I4 <J, I-4 <a, IY-4dx)I -cd I4 
such that h(x, t) = H(t,, Z(x, t)). We solve the equation 
g (s, i) = ff(.& 0 (5.11) 
in the subsets E, n {S > 0}, En n {s < 0} and compare both solutions at the 
intersection. We conclude that (5.11) can be solved with U(s, [) 
holomorphic in c if and only if 
is the restriction to (x + i&(x)} of a function G, smooth in 1x1 < 6, 
j&(x) - y( < 6 and holomorphic in 1x1 < 6, I&(x) - yl < 6. 
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